Binomial Theorem

1 The x-independent term in the expansion of (3 — ax)?"*1 is 81 times the x-independent term
in the expansion of (3 + x)™. Find n.

Observe that the 1% term of both binomials are the x-independent terms
2n+1

=81

3n+1 =81

3" =127

3" =33

n=3
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n
2 In the expansion of (ax + %) ;the fifth term is 1120 and the coefficient of the x? term is 1792,

where a, b and n are positive constants.
a) Write down the value of n
b) Find the values of a and b

a) Trar = (a0 (L)
Ts = (Z)(ax)n—4 (3)4

3x
Equating x-terms: x™*~*x~* = x© (fifth term is x-independent)
n—4—-—4=0
n=2_8

)5 = () (@0)®* (L)'

b4—

1120 = 7O(a4x4)(34x4)
a*bh* = 1296
ab=6 —(1)

x2 term: Tr+1 = (E)(ax)s—r (;;x)s

Find 7 of x2 term: x8 Tx T = x?
8—-2r=2
r=3

3
T, = (@0 (32)
1792 = 56(a%x°) (105
a’h3® = 864
a’(ab)® =864 —(2)

Sub (1) into (2):

a?(6)® = 864

a’> =4
a=2or—2(rej)
b=3
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3 Expand, in ascending power of x, up to the x? term for the following binomials:
(5 +x)°

(-3

2.5
Hence, find the coefficient of the x? term in the expansion of (10 +x— x?)

Applying Binomial Expansion Formula and simplify:

(5+x)°> =3125+ 3125x + 1250x2% + ---
(2- f)s 32— 1620
5/ 5

+ eee
Since (5 + x) (2 —g) = (10 +x —g),

xz 5 5 X 5
(10+x-%) = +0°(2-%) 2
= (3125 + 3125x + 1250x% + -+ )(32 — 16x + o+ )

x2-coefficient = 3125 (?) +3125(~16) + 1250(32)
=0

4 Expand (1 + 2x — 2x2)8 in ascending powers of x up until the x3 term. Using a suitable
numerical value of x, find an approximate value of 1.0019988, giving your answer correct to 4
significant figures.

(1+2x—2x%)8 =1+ (?)(Zx —2x%) + (g)(Zx —2x%)%2 + (g)(Zx —2x2)3 + .-
=1+ 16x — 16x? + 28(4x? + 4x* — 8x3) + 56[(4x? + 4x* — 8x3)(2x — 2x?)] + -+
=1+ 16x — 16x? + 28(4x% —8x3 + ---) + 56[8x3 + -]

=14 16x —96x2 + 224x3 + ---

14 2x —2x% = 1.001998

2x% — 2x +0.001998 = 0

x =0.001 or x =0.999

- 1.0198% = (1 + 2(0.001) — 2(0.001)?)8

=1+ 16(0.001) — 96(0.001)? + 224(0.001)3 + ---

~ 1.016 (4s.f.)
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5 In the binomial expansion of (3 + x)™, where n is a positive integer, the coefficients of x3 and
. .3
x* are in the ratio > Find the value of n.

B+x)"=3"+(])3" x+ (5)3" 2x? + (5)3" 3% + (})3" *x* + -
= 3" 4 n3n 1y + 2D gn-2y2 | MAD@2) gn-3,3 | 1O DO-DB-3) gn-aya

1x2X3 1X2X3X4
nn-1)(n-2)_n-3
1x2x3 -3
n(n—l)(n—z)(n—3)3n_4 2
1X2X3X4
2D 3"-_3 i 3
ReD@-D(-3) 4~ 2
H2AHIX 4
4x3"373 3
(n—-3)3"3-4 2
4x3 _ 3
n-3 2
24=3n-9
n=11
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6 The first four terms in the expansion of (1 + ax)™is 1 + 18x + 15ax? + bx3 + ---
Find the value of n, a and b.

Q14+ax)"=1+ (n) ax + (n) a?x? + (731) adxd + -

1 2
_ nn-1) 5, o, , n(n-1D)(n-2) 3 3
= 1+nax+—1><2 a“ x +—1><2><3 a’x> +
1418x + 15a2x2 + bx3® + - =1 + nax + 201 g2 y2 M D@0=2) p3,3
1x2 1X2X3

Comparing coefficients:
18 = na -(1)
1502 = X7 42

2
15 = n(n-1)

-2

n?—n-30=0

n+5Mn-6)=0
n = -5 (Rej) or n==~6

Substitute n = 6 into (1):

18 = 6a

a=3

b= n(n-1)(n-2) a3
T 1x2x3

b =540
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7 In the expansion of (2 + 5x), the first three terms in ascending power of x are denoted by
a, b and c respectively. Given that % = ;, find the value of n.

(2 +5%)" = 2" + (’11) 2n-15y + ('23) 2722542 4 ...
n(n-1)

=2"+n(2" H5x + T(Z”‘Z)Zsz +

a=2"
b= n"1)5«x
c

=MD (an=2)25x2

nnn-1  n_2 2
E:(2) 5 (2"7%)25x
b2 (n(2n—1)5x )2

_ n(n-1)(22""3%)25x2

n2 (22n—2) 25x2
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6
8 Find the value of q if the coefficient of x in the expansion of (1 + 2x)°> (1 - %x) -

(1 +x)°(1 + gx)*is zero.
State the term independent of x in the above equation.

(1+2x)5(1- %x)e — (1 +20)°1 + gx)*
=1+10x+-)A—-2x+-)—(A+9%+ )1 +4gx+ )

Coefficientof x =10X1—-2X1—-4gx1-9x1
Given that coefficient of x = 0,
0=10—-2-49q-9

q=0.25

Value of x —independentterm=1X1—-1X1=0
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n
9 In the expansion of (g + %) in descending powers of x, the ratio of the coefficient of the third

1
term to that of the fourth term is S Find the value of n.

Gy =) +n() Q)+ 520 () +2=20) () -

() n @) R R

Third term coefficient = ““~2 (l)
2 3

n(n—16)(n—2) (g)"‘6

Fourth term coefficient =

coefficientof 3rdterm _ 1

coefficient of 4th term 15
n(n—l)(l)n_4
2 \3
n(n—l)(n—Z)(l)n‘6 15
6 3
15 n(n-1) (1)71_4 _ n(n-1)(n-2) (1)"_6
2 3 6 3

15 =22 ()"
15=3n—-6
n=7
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n
sz\/\/é_l) where the 11" term of the expansion, in descending powers of

x is independent of x. Find the value of this term.

(5 = (e-%)

T = (1) 0 (35709’

— n (1)71—10 _1 10 (xn—10—5)
(10) " (=3

Given that Ty is the x —independent term,
x1—10-5 — ;0
n=15

T, = Gg) (x)15-10 (_%x—o.s)lo
=293 (3s.f)

10 Given the expression (
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