(1) Simultaneous, Quadrilaterals and Inequalities

1 Find the value(s) of k for the following simultaneous equations, given that the equations have
no solution.

(k+1D)y=QRk—-—1x+5 --(1)

4y = (k+ 2)x + 10 ---(2)

If both equations have no solution, the 2 lines are parallel and their y-intercepts are different.
Therefore, m; = my, and ¢y # ¢,

2k—1 5
From (1) y=o7% + 1
From (2) y=¥x+%
2k—=1 _ k+2
k+1 4

8k—4=(k+2)(k+1)
8k —4=k%+3k+2
k?-5k+6=0
k—=2)(k—=3)=0
k=2 or k=3

When k = 2:
Eqgn (1): 3y=3x+5
5
y=x+3
Eqgn(2): 4y =4x + 10
10
y=x+—

Since ¢; # ¢y, k = 2 is a valid solution.

When k = 3:
Eqgn (1): 4y =5x+5
5 5
y=,x+7
Eqgn(2): 4y =5x + 10

5 10
YEIETL
Since ¢; # ¢y, k = 3 is a valid solution.

Therefore the values of k are 2 and 3.
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2 The equation 2x? + 8x = 1 has roots a and 3.

a) State the value of @ + f§ and af

b) Find the value of @? — 82, leaving your answer in surd form.
c) Find the quadratic equation whose roots are a* — g*

a)2x>+8x—1=0
a+p=—4

1
aﬁ=—5

b) (@ + f)? = a? + % + 2af
a?+p*=(a+p)—2af (1)

(a —B)* =a®+p*—2ap
(a—p)2 =(a+p)*>—2aB —2aBf [Substitute (1)]

(@a—B)=+(a+p)2—4ap -(2)

a?=p*=(a+p)(a-p)
a?—B% = (a+B)y/(a+p)2—4af [Substitute (2)]
1

a? -2 = (—4)\/(—4)Z ~4(-3)

a? — p? = —44/18
= —12v2
c)a* + p* = (a? + p?)? — 2a%p?

= [(a + p)? = 2ap]* = 2(ap)?

=[cor-2(=)] -2 (=)
= 288.54
't =(-3)
1

16
Quadratic equation is : x2 — 288.5x + % =0
16x%2 —4616x+1=0
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3 It is given that & and f3 are the roots of the equation y = x? — x — 1, where § > a and that a +
1

- and 8 + 3 are the roots of another quadratic equation with integer coefficients. Without solving the

. 1
values of @ and 3, find the exact value of @ + =

== (-3)-
af = -1
a+l+ﬁ+%=a+ﬁ+l+%
- Bta
—a+ﬁ+aﬁ

1
—(1)+_—1
=0

1 1) = Byae, 1
(a+a)(zﬁ+2/3)_a’8+a+/3+aﬁ
= Bta” 1
=af + T +aﬁ
_ (B+a)*-2aB | 1
—oc,8+—0§ﬁ +aﬁ
-1 -1

=-1-3-1
=-5
~ Equation with a + % and 8 +% asrootsis:y =x2—0x—5
y=x%2-5
Wheny =0,x2=5
x=+V5

Sincef>a,a+ i is the smaller root.
. a +§ =—V5

For Specialist Math Tuition/Coaching +65 90126407/ apexmathtuition@gmail.com

Unauthorized copying, resale or distribution prohibited Copyright © 2016 www.tuitionmath.com. All rights reserved



mailto:apexmathtuition@gmail.com
http://www.tuitionmath.com/

4 a) If one root of the equation 4x2 — 22x + k = 0 is ten times the other, find the value of k.
b) Show that 2 — x2 + 3x can never be greater than 5.

a) Let the roots be a and 10«

b
Sum of roots = -

a+100¢=E
4

11a=£
4

a=3=0.5
4

Product of roots = 2
a(10a) =§

10a2 =X

4

10(0.5)2 = %
k=10

b)y =2 —x?+3x -(1)
y=5 -(2)

Equate (1) with (2):
2—x2+43x=5
—x%2+3x—3

b? — 4ac = 32 — 4(—1)(-3)
= -3

Since a < 0, the graph is n-shaped
Since b? — 4ac < 0, the curve never touches the liney = 5
Hence, 2 — x? + 3x will never be greater than 5.
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5 Show that the roots of the equation x? + (2 — k)x = %k are real for all real values of k.

x4+ 2 —k)x -2k =0 - (1)
To prove that the equation x% + (2 — k)x — %k = 0 has real roots for all real values of k,

we need to prove that the coefficient of x? term is positive (already proved by observation) and for
Equation (1), the b2 — 4ac > 0 .

b? — dac = (2 — k)% — 4(1) (—%k)
=4+ k% — 4k + 6k
=k*+2k+4 -(2)

To prove that k? + 2k + 4 > 0 for all values of k, we need to prove that for Equation (2), b? — 4ac < 0
Equation (2): b? — 4ac =22 —4(1)(4) = —-12<0

Since the coefficient of k? is positive and that b?> — 4ac < 0 for Equation (2),

k% + 2k + 4 > 0 for all values of k

Since for Equation (1), b2 — 4ac > 0, it has real roots for all real values of k.
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6 The roots of the equation x? — 4x + k differs by 2s. Show that s? = 4 — k. Given also that the
roots are positive integers and that k is a positive integer, find the possible values of s.

Let the roots be o, « — 2s.

Sum of roots = —%
at+a—2s=4

a=2+s -(1)
Product of roots = %
ala—2s)=k -(2)

Sub (1) into (2):
2+s)2+s—-2s)=k
2+s)2-s5)=k
4—5s%2=k

s?=4—Fk (Shown)

X2 —4x+k=0
4+V42-4k

2
x=2%xVv4—-k

Given that roots are positive integers and k is a positive integer,
If k =0, x =4 or 0 (Rej since 0 is not positive integer)

If k = 1, x = 2 + /3 (Rej since roots are not positive integer)

If k = 2, x = 2 + /2 (Rej since roots are not positive integer)
Ifk=3,x=1o0r3

fk=4x=2

If k > 5, there will be no real roots

Whenk =3,s = +1

Whenk =4,5s=0

Possible values of s are —1,0 and 1.
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7 Given that a and f3 are the roots of the equation x? = x — 5, prove that
a)==1
5 a

b)a®+4a+5=0

a)
Sinceaisaroot,a’?=a—-5 -(1)
a’?—a=-5
ala—1)=-5
e1_1
5 ¢
=2z (Proved)
5 a

b)LHS=a® +4a+5

=a’a+4a+5

=(a—5a+4a+5 (Substitute (1))
=a’?-5a+4a+5

=a—-5—a+5 (Substitute (1))
=0

= RHS (Proved)
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8 a) Find the range of values of x for which 2x? + x — 6 lies between —3 and 4.
b) Show that if the roots of the equation 2x? + 3x — 2 + m(x — 1)? = 0 are real, then m

25
cannot be greater than o

a)—3<2x’+x—-6<4

—3<2x*+x-6 and
2x24+x—-3>0 and
(x—1D2x+3)>0 and

A A

x < —1.5 or x>1 and
W —25<x<-15 and

b) 2x? +3x—2+m(x—1)2=0
2x2+3x—24+mx’+m—-2xm=0
C+mx?+@B-2m)x+m—-2=0

If roots are real, b%> — 4ac > 0
B-2m)?—-4Q2+m)(m—-2)=0
9+4m? —12m—4m?+16>0

—12m+25=0
mSE
12

2x°+x—6<4
2x2+x—-10<0
(x—2)2x+5)<0

\ _/
_Z'SW

x> —25 or x <2
1<x<?2
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9 Find the range of values of k for which the graph of y = kx? — 3x + kx lies entirely above the
liney = 4.

y=kx?+(k—-3)x -(1)

y=4 -(2)

Sub (1) into (2):

4 =kx? + (k—3)x
kx?+(k—3)x—4=0

If the graph lies entirely above line,

b%? —4ac<0 and a>0
(k-3)2—-4(k)(-4) <0 and k>0 (since a = k)
k?+9—-6k+ 16k <0 and k>0
k+1Dk+9)<0 and k>0

~o Ny -1
-9<k< -1 and k>0
Therefore, there are no real values of k for which the graph lies entirely above the line.
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. . 7. .
10 i) Show that the expression x? — x + s always positive for all real values of x.
—x%+kx+2

ii) Hence, find the values of k which satisfy the inequality 135 < 2 for all real values of x.

i)x? —x +%
b? — 4ac = (—1)? — 4(1)(%)
=-13

Since a > 0 and b? — 4ac < 0, the curve is always positive.

o —X24kx+2
i) —(x%2-x+3.5) <z
X2+ kx+2>-2x*+2x—-7

x2+(k-2)x+9>0

b? —4ac <0
(k—2)>-4(1O) <0
k?+4—-4k—-36<0
k?—-4k—-32<0
(k—-8)(k+4) <0

\ _/

=4 <k<8
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11 The roots of the equation 2x% — 8x + 50 = 0 are a? and 2. Find
i) the value of @2 + 82 and a?p2.
ii) two different quadratic equations whose roots are a and

)a?+ % =4
a?B? =25
i)ap =V25=5

(a+ )% =a?+ p?+2ap
a+p=+Ja?+p2+2ap

a+p=+/4+2(5)
= +V14

x2+V14+5=0
x2—-1/14+5=0
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